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Abstract: We compute how threshold effects obtamed by integrating out a heavy particle 
localized on a codimension-2 brane influence the properties of the brane and the bulk fields 
it sources in D = d + 2 dimensions. We do so using a recently developed formalism for 
matching the characteristics of higher codimension branes to the properties of the bulk fields 
they source. We show that although the dominant heavy-mass dependence induced in the 
low-energy codimension-2 tension has the generic size expected, T2 oc M'^, the very-low-energy 
effective potential governing the on-brane curvature once bulk KK modes are integrated out 
can be additionally suppressed, by factors of order k?M'^, where k is the bulk gravitational 
coupling. In the special case of a codimension-2 brane in a 6D super symmetric bulk we also 
estimate the size of the contributions of short-wavelength bulk loops near the brane, and find 
these can be similarly suppressed. 
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1. Introduction 

Much of modern thinking in particle physics about what should be expected to replace the 
Standard Model at LHC energies is driven by the idea that the Standard Model is an effective 
description of some unknown, more fundamental, theory describing physics at shorter distance 
scales, A = 1/M, than we can presently measure. This picture captures much of what makes 
the Standard Model most attractive: it consists of the most general set of interactions that 
are possible among the observed particles (plus the Higgs boson) that involve only couplings 
having (engineering) dimension (mass)*^ for d > Q. This is just what one would expect to 
describe any physics in the more fundamental theory that is unsuppressed by powers of 1/M. 
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What does not fit easily into this picture, however, are the only two interactions allowed 
by the model that have dimensionful couplings: 



where H is the Higgs doublet. The problem with these is that agreement with observations 
requires the scales m and fi to be much smaller than M, unlike what usually happens in low- 
energy effective theories. Since such suppression of so-called relevant operators is unusual, 
this difficulty is made into a virtue by using it as a clue to guide our search for whatever 
the new physics is that ultimately replaces the Standard Model. Since both of the terms in 
eq. ( |1.1D arise in the scalar potential, one is led by these kinds of considerations to regard 
systems that can handle and suppress contributions to scalar potentials as particularly inter- 
esting candidates for the Standard Model's short-distance (UV) completion. All of the most 
promising theories proposed so far — super symmetric theories, models without scalar fields 
and extra-dimensional scenarios — are of this type. 

It is the purpose of this paper to try to understand in more detail one of the remarkable 
ways extra-dimensional models can suppress ultra-violet contributions to scalar potentials. 
As as been noticed by many authors — first within the context of cosmic string back-reaction 
in four dimensions, and then again for brane- world models in codimensions one Q and two 
[@! ^ — extra-dimensional field equations allow codimension two branes in extra dimensions to 
have precisely flat induced geometries. This, despite having significant nonzero homogeneous 
energy densities (or tensions), and being coupled to higher dimensional gravity. By contrast, 
if there were no extra dimensions, a nonzero space-filling constant energy density would 
inevitably curve the geometry of spacetime when coupled to gravity. This observation that 
the induced brane geometry can be decoupled from its on-brane energy density provides one of 
the very few potential ways forward for understanding how it is that the observed acceleration 
of the universe points to an energy density, m^, with m so much smaller than almost all of 
the other scales found in the Standard Model 

Although the existence of higher dimensional solutions whose 4D curvature is decoupled 
from the brane tension is suggestive, what has been missing to date is a quantitative study of 
precisely how (or if) the scalar potential in the low-energy effective theory manages to remain 
insensitive to the integrating out of high-energy scales. In particular if a higher dimensional 
scalar field couples to the brane in addition to gravity, it is important to understand under 
what circumstances the low energy action describing the system has interesting special prop- 
erties, similar to the ones previously mentioned in the case of pure gravity. In this paper we 
provide part of this missing analysis, by explicitly integrating out (at one loop) a very massive 
brane field on a codimension-2 brane, to see how this affects the low-energy effective theory. 
We use for these purposes a scalar tensor theory in a D = d + 2-dimensional bulk coupled 

^We take a broad-minded point of view, and include the couplings of the metric in what we call the Standard 
Model, as is also consistent with the modern interpretation of General Relativity also as a low-energy effective 
field theory. 
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in a fairly generic way to a d-dimensional codimension-2 brane, for which the matching rules 
between brane properties and near-brane bulk asymptotics have recently been worked out, 
following an effective approach, in [^. 
We find the following results 

• Integrating out a brane field of mass M generically contributes an amount to the 
tension,^ T2, of a space-filling codimension-2 brane in d + 2 dimensions, and so is not 
suppressed relative to naive expectations. 

• This tension does not necessarily imply a similarly large contribution to the effective 
potential, U2, in the d-dimensional effective theory that governs the spacetime curva- 
tures at energies well below the Kaluza-Klein scale. When the bulk is integrated out at 
the classical level, these results are consistent with the existence, in extra-dimensional 
theories, of flat solutions with nonzero tensions. 

• By examining theories with scalar fields in the bulk we are able to see that the situations 
where the low-energy curvatures can be small are also those for which the codimension-2 
brane has little or no coupling to the bulk scalar, in agreement with the known situations 
where large tensions coexist with flat on-brane geometries. 

• In order to contrast the behaviour of codimension-2 sources with those of the better- 
studied codimension-1 branes, we use a representation of the codimension-2 brane in 
terms of a small regularizing codimension-1 brane that encircles the position of the 
codimension-2 object at a small radius pi) ^. From the point of view of the low- 
energy effective theory, on scales much larger than p^, the main difference between such 
a regularizing brane and a macroscopic codimension-1 brane is that the radius p^, is not 
a macroscopically observable variable, and it will therefore be integrated out. As we 
will explain, at the classical level this amounts to self-consistently determine ph in terms 
of the various fields in the low-energy theory by solving the brane junction conditions, 
including those of gravity. 

• It is this relaxation of pb that, in certain circumstances, is ultimately responsible for 
the suppression of the contribution of the codimension-2 tension to the low-energy on- 
brane curvature. In general, pi, adjusts itself to ensure that the effective potential, U2-, 
defined below the Kaluza scale is completely determined by the brane tension, r2 (</>), 
regarded as a function of the bulk scalar evaluated at the brane position (given explicitly 
by eq. ( |2.17| ), of later sections). In particular, as we will explain, the solution for U2 
strictly vanishes when T2 = dT2/d(f) = 0, as required by what is known about the back- 
reaction of codimension-2 pure tension branes. More generally, if is nonzero but 
small, then U2 is suppressed by factors of order k^T!^, where k is the higher-dimensional 
Planck scale in the bulk. 

^The subscript '2' here is meant to emphasize that it is the tension of a codimension-2 brane, and not of 
the regularizing codimension-1 brane that is introduced at intermediate points in the analysis. 
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The above results arise in a calculation which evaluates loop effects due to integrating 
out brane fields at the quantum level, but only integrates out bulk fields (and in particular 
Ph) within the bulk classical approximation. A crucial question therefore asks how bulk loops 
might change the above picture. We close the paper by taking a step in this direction by 
estimating the contributions of the most dangerous (short-wavelength) bulk loops within the 
more specific context where the bulk is six-dimensional and supersymmetric. This extends 
earlier calculations of the ultraviolet sensitivity of bulk loops far from the brane, to include 
the effects of loops that are close to the branes. We find that, for the contributions exam- 
ined, supersymmetry can suppress bulk loops to be of order the Kaluza-Klein scale, again 
representing a significant suppression to the low-energy potential U2- 

We organize our presentation as follows. §2 starts by reviewing the brane-bulk matching 
conditions for codimension-2 branes, as recently derived in ref. 0]. This section in particular 
describes how the codimension-2 brane can be regularized in terms of a small codimension-1 
brane, and relates the properties of each to the other. §3 then adds a massive field to the brane 
and integrates it out at one loop, keeping track of how this loop changes its interactions with 
the bulk fields. §4 finally combines the results of the earlier sections, by specializing them to 
the simple case where the brane-bulk couplings are exponentials in the bulk scalar. The size 
of both the codimension-2 brane tension, T2, and the low-energy effective scalar potential, 
C/2, are computed, both before and after integrating out the massive brane field. We conclude 
in §5. 

2. The Framework 

We work for illustrative purposes within a higher-dimensional scalar-tensor theory that pro- 
vides the simplest context for displaying our calculations. Since our interest is in integrating 
out heavy matter on codimension-2 branes, we focus primarily on the situations of space-filling 
d-dimensional branes sitting within a D = (d-|-2)-dimensional bulk spacetime. The particular 
case of d = 4 and = 6 is of particular interest, as the simplest 'realistic' case within which 
the impact of higher-dimensional ideas on technical naturalness might be relevant in practice. 

2.1 Bulk field equations 

Consider the following bulk action, governing the interactions between the D = (d + 2)- 
dimensional metric, gmn and a real scalar field, cj):^ 

+ SaH, (2.1) 

where TZmn denotes the Ricci tensor built from ^a/jv and Sgh = /^^^ d^^-'^x-^— 7 K, 
denotes the Gibbons-Hawking action which is required when using the Einstein field 
equations in the presence of boundaries (as we do below). Here ^mn 

denotes the induced 
^We use a 'mostly plus' signature metric and Weinberg's curvature conventions [S]. 
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metric on the boundary, and K = ^^^K^n is the trace of the boundary's extrinsic curvature. 
(Since we are also interested in the case of higher-dimensional supergravity, which also involve 
Maxwell and Kalb-Ramond fields, and nontrivial scalar potentials, V = Vqc'^ |jl^ , in section 
§4 we discuss the extent to which these features change our results.) 
The corresponding field equations are 

□0 = and TZmn + dj^c/) = . (2.2) 

In the immediate vicinity of a codimension-2 brane we imagine the bulk fields to take an 
axially (transverse) and maximally (on-brane) symmetric form 

ds^ = dp^ + Qmn dx™dx" 

= d/>2 + e^^ d0^ + e^^g^,^ dx'^ dx^ , (2.3) 

where p denotes proper distance transverse to the brane, ~ + 27r is the angular coordinate 
encircling the brane, and the functions B, W and cj) are functions of p only. The on-brane 
metric, g^y, is a d-dimensional maximally symmetric Minkowski-signature metric depending 
only on x^. 

Accidental bulk symmetries 



The field equations, eqs. (2.2), enjoy two accidental symmetries, whose interplay with brane 



interactions will be explored in the following: 

• Axion symmetry: The axion symmetry is defined by 

<P^<P + C, (2.4) 

for constant C, with g^N held fixed. 

• Scaling symmetry: A scaling symmetry of the field equations is 

9mn ^ ^ 9mn ) (2-5) 

with constant A, and (j) held fixed. 

Both of these symmetries take solutions of the classical field equations into distinct new 
solutions of the same equations, but need not be respected by the couplings of the bulk fields 
to any space-filling source branes, whose properties we next describe. 

2.2 Brane properties 

We imagine the bulk to be sprinkled with a number of space-filling codimension-2 source 
branes, whose back-reaction dominates the asymptotic near-brane behaviour of the bulk fields. 
In a derivative expansion, their low-energy brane-bulk interactions are governed by the action 



Sb 



J d'^X yf^ [r2(0) + X2{cP) d^(t)d^4> + Y2{(t))R + --\, (2.6) 
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where denotes the induced metric on the brane and the subscript '2' emphasizes that the 
brane has codimension 2 (by contrast with a codimension-1 branes to be considered shortly). 
The elhpses represent further terms that arise at low energies in a derivative expansion. 

This brane action breaks the axion symmetry, eq. (|2.4| ), if any of the coefficients, T2, 
X2 or 12, depend on (f). The tension term, T2, also breaks the scaling symmetry, eq. (2.5), 
unless T2 is constant. The higher-derivative terms always break the scaling symmetry, but can 
preserve a diagonal combination of eqs. (2^) and ( p^ ) corresponding to = e"^ provided 
X2,y2 oce'^'^. 

At still lower energies the dynamics of the bulk-brane system is normally dominated by 
very light modes, that are massless within the purely classical approximation. These include 
the low-energy d-dimensional metric, g^y, possibly together with a variety of moduli, (p, 
coming from (j) or the metric components. The dynamics of these modes below the Kaluza- 
Klein (KK) scale is governed by a different effective d-dimensional theory, 

1 



5'eff 



d^X 



-a 



(2.7) 



obtained by integrating out all bulk KK modes as well as any heavy brane states. At the 
purely classical level this action is obtained by eliminating these states as functions of the light 
fields using their classical equations of motion, and so depend on the details of the classical 
bulk action. 

In the classical approximation the contribution of the branes to 5cfr takes a simple form. 
The accidental symmetries guarantee the existence (classically) of a massless scalar mode 
corresponding to shifts of cp, so (/)(p) = if + S(j){p). The low-energy potential, Ues, turns out 
to arise as a sum over local terms, each evaluated at the position of a brane 0:^ 



(2. 



The fact that U2 (defined more explicitly below) can vanish even when T2 7^ is what allows 
codimension-2 branes having nonzero tension to have flat on-brane geometries ^. 

2.3 Brane-bulk matching 

It is the quantities T2{(j)) and U2{4') that dictate the near-brane behaviour of bulk fields, 
through the matching conditions. For our purposes, assuming the brane of interest to be 
situated at p = 0, these become (see |jl2|, ^ for a complete discussion): 



lim 
lim 
lim 



R+dW 



,B+dW 



27r 

K^^2 
2TTd 



(2.9) 



R+dW 



dpB 



1 



2^ 



T2 + 



d-l 
d 



similar result, summarized in Appendix holds less trivially for gauged, chiral supergravity, despite 
the appearance there of a scalar potential and nontrivial background fluxes [|l2|. 
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Codimension-1 regularization 



A drawback of eqs. ( |2.9| ) is the dependence of the right-hand-side on quantities Uke (j){p = 0), 
that need not be weh-defined if (p diverges as one approaches the brane positions. This 
can be dealt with by defining an alternative, renormalized, codimension-2 brane action, as 
discussed in [|^, 14| by elaborating on the work On the other hand, for the aim of 
the present work, it is convenient to simply regularize this divergence through the artifice of 
replacing the codimension-2 brane with a very small cylindrical codimension-1 brane, situated 
at p = pb [|l2|, 0, |l^, with the interior geometry {p < Pb) capped off with a smooth solution 
to the bulk field equations (see fig. ||). We use capital latin indices, x^'\ to describe all 
D = d + 2 coordinates at once, reserving lower-case indices, x™, for coordinates on the 
(d + l)-dimensional codimension-1 brane, and greek indices, x^, for the d codimension-2 
brane directions. 

The action on this codimension-1 brane is chosen to be 



^reg 



-7 



(2.10) 



where a is a massless, on-brane mode, whose presence is included in order to dynamically 
support the brane radius at nonzero p against its propensity to collapse gravitationally. This 
is done by choosing for its classical solution a configuration that winds around the brane, 
a = n9, for n a nonzero integer. 

In terms of this action the codimension-2 tension 
is obtained directly by dimensional reduction in the 
9 direction. Using e^^'''^ = pb, this leads to 




T2i(j),Pb) = ^irpb 



n 



Ti(0) + -^Zi(<A) 



(2.11) 



Figure 1: The regularized near-brane 
cap geometry. 



As for the codimension-2 action, this preserves the 
axionic symmetry, eq. ( |2.4| ), if Ti and Zi are cj) in- 
dependent. However, because pb — > Xpb there is no 
choice for Ti which preserves the scaling symmetry. 



eq. (p.q). The diagonal combination with A = 
survives if Ti oc e"''^ and Zi oc e"'"'^. 

The brane contribution, U2, to the low-energy 
potential can also be computed in terms of Ti and Zi by classically integrating out the 
bulk KK modes explicitly. This integration involves evaluating the classical action at the 
classical solution, with the result regarded as a function of the low-energy zero modes, g^u 
and if. Keeping in mind that the only nonzero part of the action, eq. ( |2.1D , is in this case the 
Gibbons-Hawking term, Sqh, and that this receives opposite-sign contributions from outside 
and inside the codimension-1 brane, one obtains a result that depends only on the jump 



-7- 



conditions |17| evaluated at the brane position 



b ^ 



K 



^reg 



d' 



d+l 



X 



-g 9v 



where 



X 



of the codimension-1 brane, whose independent components are 

,2 \ / „2 



(2.12) 

2 5Sreg/Sgmn is the stress tensor 



(ti + ^ g^y and Tee = ~ (^^i ~ ^ 3ee ■ (2.13) 



Eq. ( |2.12| ) imphes each brane contributes to the very-low-energy theory as if its codimension-1 
Lagrangian density were 

O AC 

(2.14) 



Cr 



6S, 



■9n 



reg 



-Teg 7 ^j init f ^ 

a Ogmn 

Once compactified in the 6 direction, this gives the following brane contribution to U2 



U2i(t),Pb) = -2lTpb 



2TTpbg'''Tgg. 



(2.15) 



Finally, the expression for /9fe(0) is obtained by integrating the (pp) Einstein equation, 
which expresses the 'Hamiltonian' constraint for integrating the bulk field equations in the p 



directions |15, 12 



U2 



d-l 
d 



U2 



in) 



0. 



(2.16) 



and the approximate equality involves dropping terms that are of order p^R relative to those 
displayed. Such curvature terms are always negligible in the limit where the brane size, pb, is 
much smaller than the bulk radius of curvature to which it gives rise.^ 

Eq. ( |2.16 ) states that the solution pb{4>) adjusts itself to ensure that C/2(0) = U2{4>, Pbit/))) 
is not independent of T2((/)) = T2(0, p;, ((/>)). Expanding in powers of k^, we find 




2tt 



d-l 



27r 



1/2' 



2t^/\ 2 



+ 



(2.17) 



The second line here emphasizes that the root is chosen to ensure that U2 vanishes in the 
limit when T2 — > 0, since this limit corresponds to rugby-ball type geometries ^ having flat 



^Earlier authors often use this constraint to determine R, but as argued in ref. this is not appropriate 
in the effective-field-theory limit, where the brane is much smaller than the scales associated with the bulk 
geometry. 
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on-brane spacetimes {U2 = 0) with nonzero but 0-independent tensions (T2 = 0). It is simple 
to see that all the corrections in higher powers of k^, contained in the dots, are proportional 
toT^. 

Solving eq. ( 2.16| ) to lowest order in leads to the condition U2 — 0, and so 



2 n2Zi(0) 



2Ti(</.) ' 



(2.18) 



showing that, in the limit in which gravity is weak, pf, adjusts itself to try to set U2 to zero. 
Using this solution, we can integrate out the quantity p^, and the codimension-2 brane tension 
becomes 

T2{^) = T2{cl),pb{^)) ~ 27r|n|v/2ri(0)Zi(0). (2.19) 



This expression then allows U2 to be computed from eq. (§1|) or ( p^ ) to next-to-leading 
order in k^, giving 



U2{4>) = U2{4>,Pb{<P))^^{Ti)' 



TiZi 



(2.20) 



As mentioned earlier, the function U2{4') vanishes when the brane tension T2 does not depend 
on the field (j). Looking at the first of equations (p.9|), we see that having T2 be (/>- independent 
also requires the dilaton derivative to vanish as one approaches the brane. Since such deriva- 
tives naturally vanish when the brane is located in a region where (f) has a constant, or ap- 
proximately constant, profile in the bulk, it is natural to find that branes with (/)-independent 
tensions are commonly the sources for geometries having such regions. This observation will 
turn out to be useful in the following. 



2.4 An Example 

For later purposes we pause here to record the above steps for an interestingly broad example. 
We choose for this purpose the case where Ti and Zi are exponentials: 



and so 



and 



T2(0,pfe) ~27r 



and 



^1 



PbAre 



-at(t> 



+ 



U2{4>,Pb) 



-2tt 



PbAj-e 



■n?A 
~2ib 



In this case the zeroth-order brane size is 



(2.21) 
(2.22) 
(2.23) 



P.o = |nU/^e-(---)^/2 



(2.24) 
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Using these, the leading contribution to the codimension-2 brane tension and on-brane po- 
tential then become 



and 

^ ^ {T2of = I n\at + a^fK^A^Aze-^^^^'^^^^ . (2.26) 



Recall that these choices always break the scaling symmetry, eq. (|2.5| ), provided at least 
one of At or Az is nonzero. They respect the axionic symmetry, eq. (|2.4| ), if and only if 
O't = CLz = 0. Finally, they preserve a diagonal combination of these two symmetries if 
o-t + <iz = 0. Notice that in this last case T2 is i;^- independent, and so eq. i ^JTi ) shows C/2 = 
solves the constraint (|2.16| ) to all orders in k^. 

3. Integrating out a Massive Brane Field 

We next investigate the stability of the above considerations to ultraviolet effects on the 
brane. The simplest way to do so is to explicitly integrate out a heavy brane-localized field, 
and see how the brane-bulk connection changes as a result. 

3.1 The brane field 

To this end, consider supplementing the brane action with new term describing a massive real 
scalar field, ip. Since our goal is to see how this changes the bulk-brane interaction, we regard 
tjj as being localized on the codimension-1 regularized brane, and so take Sreg — > -^reg + S{'4') 
with 

5(V') = -- / d^'^+^^x y^\p{(j))idijf + mlQ{(t>) V-^l . (3.1) 



2 „ 

Here is a constant having dimensions of mass, and if we adopt z = p^O as coordinate in 
the periodic direction, then all fields satisfy the boundary condition ^l^{z) = tpiz + L), with 
L = 2ttpij. 

For the purposes of computing quantum corrections, we imagine starting with a classical 
solution whose induced metric on the codimension-2 brane is fiat, making the metric on the 
codimension-1 regularizing brane 

ds2 = e^^^r/^^ dx^dx'' + pgd^^ ^ (3 2) 

It is convenient at this point to re-scale e^'' into , so that ds^ = r/mn dx'^dx" where we take 
the coordinate in the angular direction to be x'^ = z. As discussed above, such a fiat classical 
background would arise, for instance, if Ti = AtC'"'^'^ and Zi = Aze~""''^ with = —at- 



Provided P ^ the ^/'-particle action always breaks the scaling symmetry, eq. (2.5), 
but preserves the axionic symmetry if and only if P and Q are (/^-independent. A diagonal 
subgroup of these two symmetries can be preserved when P, Q, Ti and Zi are all exponentials, 

P{4>) = Ape-"""^ and Q (</>)= e"'^^'^ , (3.3) 
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provided Up = Uz = —aq - 
0-dependent, given explicitly by 



-at- The effective mass of ijj for observers on the brane is 



(3.4) 



and so m? = m'^{AQ / Ap)e "'^^'^ when P and Q are exponentials, d la eqs. (|3 
The stress energy for this heavy scalar is given by 



TmnW = P(</.)a„V5„V - 9mn PmO^^? + m'Q(0) V'' 



which satisfies 



d-l 



(3.5) 



(3.6) 



in d spacetime dimensions on the codimension-2 brane (with d = 4 being the case of most 
direct interest). 

3.2 Quantum Contributions 

To assess the contribution of quantum effects on the brane, we integrate out ip by computing 
the Gaussian functional integral 



exp 



«r(<^,9) 



T>%1) exp 



(3.7) 



so that JVip e^iSrcg+Si^)] ^ gi[5rcg+r]^ -^^ may be evaluated by differentiating with 

respect to cj), giving 



sr 1 



where (X(^)) = e'^^ j V-ip X{'ip) 



y{P{di^?) + ^{mlQi^^) 



(3.^ 



As described in Appendix 0, the relevant expectation values can be expressed as 



{P{<P)d,^d,^) = 



dt 



2L^+i Jo i('i+2)/2 



h+d/2W 



and 



and 



where 



{pmoz^f 



OO JJ. 



\ roo jj. 



Ld+i ' 
AJd/2(A) 



47r 



ATrP{4>) 



(3.9) 

(3.10) 
(3.11) 
(3.12) 
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The properties of the functions /q,(A) and Jq,(A) are spelt out in detail in Appendix p. They 
satisfy a very useful identity, 

^ Ii+d/2W - Jd/2W + A/d/2(A) 



Ld+i 



0, (3.13) 



which (as is proven in Appendix^) is a consequence of our use of dimensional regularization. 
Quantum fluctuations in -0 contribute to the brane stress-energy tensor, Tmn — *■ 2mn + 
Tmn{tp)), where 



p(</.)a^^9„v;, (3.14) 

which uses the identity, eq. ( |3.13|) . Its components evaluate to 



A /rr ( ,\\ Jd/2{>) [A/d/2(A) + f/l+d/2(A)] 

and (r,,(V)) = = jd^^ , (3.15) 

and, again using eq. ( |3.13| ), its trace is 

{T-m{^)) = - (^) {P{^){d^f) - (^) {mlQ{^)^' 

= (P(<^) (d^f) = -(mlQ{ct>) = -^^j0^ , (3.16) 

which (naively) vanishes when = 0, and so is completely given by any trace anomaly 
when this is nonzero. In particular, notice that = implies (T™^) = when d = 2A; is a 
positive even integer, since in this case the codimension-1 brane has odd dimension and so the 
divergent parts of the above expressions vanish in dimensional regularization (see Appendix 
0for details). 

3.3 Codimension-2 quantities 

For the present purposes, of most interest is the contribution of ip loops to low energy quan- 
tities, so we next seek the loop contribution to the codimension-2 quantities T2 and U2- 
This involves repeating their earlier derivation with the replacements S^eg — > 5'reg + T and 

The most direct means for computing both T2 and U2 then uses their representation as 
compactifications of components of the stress tensor — T2 = —Lg^^Tn and U2 = Lq^^Tqq 
— which summarize eqs. (2.11), ( 2.13| ) and ( |2.15| ). These remain true provided Tmn 
Tmn + {Tmni^)), Suggesting that the change generated by ip loops is 

Ar2(0, L) = L{Tu) = - ^'^'^'l^^ , (3.17) 
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and 



AU2{<P,L) = L{T,, 



Jd/2W _ [A/d/2(A) + f Il+d/2(A)] 



(3.18) 



Notice in particular that the (/)-dependence of these quantities (at fixed L) only enters through 
the combination m'^{(j)) (x Q/P. 

A check on these expressions comes if we instead work directly with the loop contri- 
butions to the regularized brane action, Sj-^g = f d'^'^^x \/—g Cj-cg- Writing S^^g + F = 
J d'^~^^x^/^ (Aeg + ^^Creg), eq. ( ^ ) implies 



dAC 



rcg 



P' 

T 



9L 

Q 



1 



dm^\ A/,/2(A) 



(3.19) 



which uses (P'/P) - (Q'/Q) = MP/Q)]' = - 
Finally, provided drm?' /dcf) ^ this integrates to 



2m? 

'l/rr?){drr? /dcj)), eq. (|1|) and eq. (p^. 



ACr 



dA/rf/2(A)= 



(3.20) 



where the integral is performed using dA /^(A) = — /i+q(A). Finally, dimensional reduction 
gives AT2 = — LA£reg) in agreement with eq. ( p. 17 ). 

Similarly, integrating out the bulk KK 
modes at the classical level using 5rcg+F as 
the regularized brane action, leads to loop 
corrections to the effective action for en- 
ergies well below the transverse KK scale, 
as seen by observers residing on the brane. 
The change to these due to the ijj loops is 




AS, 



cS 



-g (T" 



Figure 2: The function f/2(A) + AC/2 (A) vs A. 



(3.21) 

showing that ip loops enter into this ac- 
tion both by directly changing the brane 
action, and by changing the junction con- 
ditions relevant to integrating out the bulk 
fields. Writing A5efr = / d'^x^f^ A£eff 

gives A£efr = j dz [A£reg - \ {T'^m)] : 

and so 



A 



7TW2(A) + -/d/2(A) 



Jd/2W 



(3.22) 



so using AU2 = — d Ai2efr agrees with eq. ( ^.18 ). 



- 13 - 



Finally, notice that the derivation of the curvature constraint, eq. ( p.l6[) , relating U2 to 
T2, goes through as before, but with replaced everywhere by T^n + {Tmni'^))- This 
guarantees that U2 + AU2 can be obtained from T2 + AT2 by using eq. ( |2.20|) , precisely as U2 
can from T2. 

The limit mL » 1 

Before going further it is instructive to evaluate these for the asymptotic case where mL ^ 1, 
since this is particularly easy to interpret. Appendix |^ shows that when A ^ 1 we have 
/„(A) ~ A"-i/2r - a), and so 

and 

Notice these satisfy AU2 = —AT2, just as would be expected if both arose from a contri- 
bution to the codimension-1 brane tension, 



Ari(0) 



m 



^^+1 „ / 1 d 



2(47r)(«'+i)/2 V 2 2^ 

as d^i, (3.25) 



m 



1207r2 

where the limit d — > 4 uses T (— |) = — ^ y^. Indeed, when if) is very massive compared with 
the codimension-1 KK scale, 2it/L = 1/ pb^ we expect its quantum effects are well captured 
by local contributions to the brane action, starting with A£reg — — ATi-l- (higher derivative 
terms). Furthermore, eq. ( 3.25| ) agrees with the large-m limit of eq. ( 3.20| ). 



In the general case eqs. ( |3.17| ) and ( p.l8| ) predict AT2 7^ — Af/2, implying they do not 
have an interpretation as simple as a contribution to Ti.^ This is because when mL < 1 
the wavelengths integrated out are similar to the size of the entire circular direction on the 
codimension-1 brane, and so need not depend only on local geometrical quantities. Their con- 
tributions must be local in the transverse dimensions, however, provided that their wavelength 
is much smaller than the typical scales set by the transverse geometry. 

The limit mL —>■ 

A second instructive limit corresponds to taking mL 0, for which Appendix ^ shows 
/„(0) = 27r3-" r (a - ^) C (2a - 1). In this case eqs. (|3l7|) , (|1|) and ( ^) become 



3C(5) 



47r2L4 



as d^A. (3.26) 



''This is a special case of the more general observation that the radius dependence of Casimir energies on 
torii MM cannot be represented in terms of local curvature invariants. 
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Notice dI\T2 AC/2 when mL — > 0, consistent with the result {T^' 



0. 



Eliminating pi. 

After determining the expressions for AT2{(f),L) and AU2{4>, L), the final step amount to 



eliminate L — or equivalently ph — in terms of (j) by using eq. ( 2.16 ). To leading order in 
this involves solving the condition U2{4>,L) ~ 0, leading to eq. ( 2.1g| ), p'^Q ~ n'^Zi/{2Ti) in 
the absence of the quantum ip contributions. 

For the purposes of computing the quantum correction dp"^, suppose Ti ~ M'^'^'^ and 
Zi ~ M'^~^ are characterized by a common regularization mass scale M, and so eq. (2.18) 



implies Lq = 2Tr pi,Q ~ 2iTn/M. Since for us pb plays the role of an ultraviolet regulator, our 
interest in what follows is in the limit tjiLq = lirphom ~ 2TTnm/M <^ 1 and m/M <C 1, in 
which case dAT2(0,p6) ~ AU2{(l),Pb) ^ -cd/{2TTpbf with c = T (i + f ) C(d + 1) 7r-('^+i)/2. 
Since in this limit we have 



r^Zi 



2'iTnM'^ and AUo 



d 



dM" 



(27rL2)rf/2 {27rfd/2nd ' 



(3.27) 



it follows that \Spl\ <. pIq, provided that the inequality (27r)-'^+^'^/2^a!+i ^ j ig satisfied. 
Using this observation, we solve U2{4>-,Pb) — perturbatively in dpf^, to give 



cd 



pIo 



cd / 



27r2n2Zi(0)(27rp5o)'^~^ Ti \2tt^Zi 
With this choice, the leading corrections to T2{(f)) become 

dT2o 



(d+l)/2 



(3.28) 



72(0) = T2o[(l>,PbO 



+ 



dpi 



-['^,Pmm5pb + ^T2[c^,Pm{4>)] + ^ 



27r|n|V2ri(0)Zi(<^) 



(27r|n|)« 



2ri 



Zi{ 



d/2 



+ 



(3.29) 



which uses T2o{(i),pb) = 2'KpbTi + ■Kr?Z\l pb and so dT2Q/dpb oc U2o{4'iPb) vanishes when 
evaluated at pb = Pboi'P)- I^i the previous expression, the dots contain corrections proportional 
to positive powers of k^. 

Finally, the constraint, eq. ( 2.16 ), automatically ensures U2{(p) satisfies eq. ( ^.17 ), and so 



U2{4>) 



fT2 

2ti 



2tx 



+ • 



(3.30) 



up to higher powers of (k T2) , with T2(0) given by eq. ( 3.29 ) 



4. Technical Naturalness 

We may now use the above tools to quantify how integrating heavy brane physics modifies 
properties of the low-energy world. We ask in particular how symmetry-breaking effects on the 
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brane modify at low energies the symmetries of the bulk action. We use for this purpose both 



the scaling and axionic shift symmetries, eqs. (2.4) and (p.5|), of the simplified bulk theory 
used for illustrative purposes here, but we have in mind applications to other symmetries like 
supersymmetry as well. 

4.1 Brane Loops 

With this in mind we work within the particularly interesting framework of exponential brane 



couphngs to <p, as described by eqs. (|2.2l| ) and (|3!3|) above: Ti = ^^e"""^, Zi = Aze~""''^, 
P = Ape~°'p'^ and Q = AQe~°"''^. In this case the leading contributions to T2{(j)) and Pb{4>) 
become 



r2o(0) = 27r|n|72A^e-('^*+"^)'^/2 

-(az-at)0/2 



and Pm(0) = \n\ 



A, 



2A. 



and so C/20 — (^2) /^^^ becomes 



(4.1) 



7rn 



20W - 



K^{at + azfAj-Az e 



The ij) mass, m((p), is 



m{(j)) 



and so 



•^0 = T^PbO 



Tin mi 



m 



A, 



(4.2) 



(4.3) 



(4.4) 



Provided Aq <C 1 the leading correction to the codimension-2 tension due to if) loops, eq. ( p.29D , 
becomes 



Ar2(</.) 



(27r|n|)« 



2Aj 



-1 d/2 



-d{at~az)4>/2 



and so 



2 K'^c'^d'^{at — az)"^ 



167r(27r|n|)2°' 

We consider now several important special cases. 



2Aj 



(4.5) 
(4.6) 



aq := a and 



Op := a + 2 6 



The case at 

This choice is motivated by a situation of practical interest where there exists a frame for which 
(j) appears undifferentiated only as an overall power of e'^ pre-multiplying the entire brane 
action. That is, £rcg(0, 9^0, Smn) = f{dm4>,9mn) for some metric g. 



implying at = aq = a + d (5 and a^ 



a + {d — 2)13, so a = a + d(3 and b 



-a. 



In this case we have esc e and m oc e"^ so Aq oc rn P^q is (/>- independent. Then 
\ and the leading quantum correction AT2 oc e^^'^ (regardless of whether Aq is 



!2o « e 



-{a+b 



large or small). There are then two special situations of particular interest: 



- 16 - 



1. The case 6 = 0: This situation corresponds to it being the bulk Einstein frame for which 
the brane action has the form Cj.(,g{(p,dra<p, Qmn) — c 9mn)- Iii^ this case, if 
At ~ and ~ W^'^ then we have Tao oc M'^e""'* while ATa cx M'^/{2T:nf'^ is 
precisely ^-independent. Consequently in this case we have U20 ~ K^M^'^a^e"^"'^, while 
Af/2 precisely vanishes to leading order in k^. 

2. The case b = —a: In this situation at = Uq = —az = —ap, which is the condition 
that the brane action preserves a diagonal combination of the two bulk symmetries, 
eqs. ( ^^ ) and ( p.5[ ). In this case it is T2o((/>) that is ^-independent and so C/20 — 0, 
while AT2 oc M'^e-'^'"t>/{2T:nf and so AC/2 ~ K'^a'^(fM'^'^e-^'^'"^/{2Tmf'^. In this case 
the leading contribution to U2 first arises suppressed both by a loop factor and a power 

of K^W^. 



The virtues of both of these last two choices are combined in the most remarkable sit- 
uation: the case a = 6 = (or = = ap = Og = 0). This is the simplest choice, for 
which the brane does not couple at all to the bulk scalar (/;, such as might be required if the 
brane couplings must preserve the bulk shift symmetry, eq. ( ^.41) . It also captures the case 
of pure gravity, for which there is no scalar field in the bulk to which to couple. Such branes 
are known to arise in geometries having a region where the scalar profile is constant in the 
extra-dimensions . 

In this case physical scales on the brane, like pi, and m, are independent, as is T2. And 
this ^-independence holds provided only that shift-symmetry breaking effects (like anomalies) 
are negligible. But because vanishes so robustly, eq. (2.17) shows that the same is true 
for C/2) which vanishes to all orders in k (within the approximation of a classical bulk). This 
states that the brane tension does not contribute at all towards the low-energy potential, 
C/eff) governing the on-brane curvature, much as the geometry produced by a cosmic string 
is locally flat in 4 dimensions Q. Furthermore, on-brane loops do not alter this property 
provided that they also do not couple to (j). 



4.2 Bulk Loops and Super symmetry 

A drawback of the preceding discussion is its omission of quantum effects in the bulk. In 
general these loops can be problematic, particularly if they break the symmetries of interest. 
Although this can be controlled for axionic symmetries, this need not be so for features of 
the low-energy action, that are consequences of the bulk scaling symmetry. It is here that 
supersymmetry in the bulk can play a helpful role. 



Changes due to a supersymmetric bulk 

Supersymmetry changes the above analysis in several important ways, which we briefly sum- 
marize in this section (see Appendix ^ for more details). To keep things concrete we focus 
on how the above discussion changes if the bulk is described by chiral, gauged supergravity 
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in six dimensions ||10|], although many features generahze to other higher-dimensional super- 
gravities. In this case the action describing the classical dynamics of the bosonic degrees of 
freedom has the form 



1 



-g 2k 



29 



2 



4 ^ 



g"'" Rmn + dM4>dt^ 

where (p is the 6D scalar dilaton, Gmnp, is the field strength for a Kalb-Ramond potential, 
Buiff, arising in the gravity supermultiplet and F^^^ is the field strength for the potential, 
AIj, appearing in a gauge supermultiplet. The parameter g is the gauge coupling for a specific 
gauge group, and has dimensions of inverse mass. Matter scalars, could also appear, but 
these are set to zero in the above action, as is consistent with their field equations. 

An important feature of this system is the existence of many explicit solutions to the 
field equations describing compactifications of two of the dimensions whose size is supported 
by extra-dimensional gauge fluxes, F^^j^ [jll|, |5|, |2^. For the simplest of these the compact 
geometry is that of a 2-sphere, whose radius is fixed in terms of (j) by the equations of motion 



to satisfy ||ll 



2 n^e-l- , 
'=^- 

The value of (p itself is not fixed, despite the presence of a nontrivial scalar potential. Its 
undetermined value represents a classically flat direction, whose presence may be understood 
as a consequence of a scale invariance having the form of a diagonal combination of eqs. ( |2.4D 
and Q: ^ lo e'^' and 

9mn — ^ ^ ^9mn- The existence of this classical symmetry is 
most easily seen from the existence of a frame for which the action has the form Cb = 
e~'^'^J^{dM4': 9mn), where (Jmn = e'^9MN, since in this frame the symmetry corresponds to 
shifting (p with g^iff held fixed. 

Almost all of the compactifications of this theory to 4 dimensions involve singularities in 
the extra-dimensional geometry, which can be interpreted as the singularities due to the back- 
reaction of space-filling codimension-2 source branes situated about the bulk. The low-energy 
action for these branes can be worked out using the same trick used here of a regularizing 
codimension-1 brane, with the complication that the Maxwell fields, A^^, must also satisfy 
junction conditions at the branes as well as Dirac quantization conditions |16, In this 
case the brane respects the scale invariance of the bulk classical field equations only when 
Ti = Aj-e'^^'^ and Zi = Aze~'^^'^. Another bulk symmetry that is sensitive to the presence 
of branes is supersymmetry. Singular sources, as codimension two branes, in general break 
supersymmetry in the bulk. The only exception are branes embedded in configurations with 
constant bulk scalar, and that couple in a very specific way to bulk fields. We will not 
elaborate on this interesting topic (see [23| for detailed discussions), but we will return to 
discuss the effects of brane supersymmetry breaking at the end of this section. 

The contributions of the branes to the very-low-energy action, C^s, can be evaluated 
much as was done above by integrating out the bulk KK modes at the classical level, and this 
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again leads to a remarkably simple result |12| involving only quantities localized at the branes. 



There turns out to be a new contribution to Ues, however, because the bulk action, eq. (4.7), 
does not give zero when evaluated at a classical solution. Instead, use of the Einstein and (/> 
field equations shows that 



<cl 



2 k' 



□ 



id 



(4.9) 



which gives a contribution proportional to the jump [dp(f)]b across the position of each regular- 
ized brane. The result is that the brane contribution to Ucs may be computed by dimensional 
reduction, as if the regularized codimension-1 brane action is given (since d = 4) by 



reg 



reg 



1 , dC 

TT 9mn 



IdC 



reg 



rather than eq. (2.14). Consequently 



(4.10) 



(4.11) 



where the approximate equality neglects ^^(Tg)^ relative to Tg. An identical expression holds 
for Af/eff in terms of AU2 and AT2. 

For instance, in the case considered above, with Ti = Are""**^, Zi = Aze~°"''^, P = 



Apc-^^'P and Q = AqC-""'!', eqs. (|]T]) through (gj) for T20, U20, AT2 and MJ2 remain 



unchanged (but with d = 4), while the low-energy potential becomes C/gfr 



1 rjil 



Tn, so 



'2 -"2' 



and 



c{at - ttz) 



2 



cflf 



(27r|n| 



2Aj 



-2{at-a^ 



(4.12) 



(4.13) 



which assumes mpi, <C 1. 

Again T2Q and C/efro 1 
case the dominant loop-generated correction becomes 



Again T2Q and C/efro both vanish in the scale-invariant case where az = —at = |, in which 



AC/cff ^ c 




kM 
A-K\n\gr 



(4.14) 



where M' = 2At/Az and we use the bulk field equation e*^ = k /{Ag'r ) {i.e. eq. (^^). 
Notice that this is both positive and of order 1/r^ when k, g and M are all of order the TeV 
scale — with KM/g ~ 0.1, say, to allow the semiclassical approximations used — and so can 
be much smaller than the TeV scale. 

Of course such a small contribution to Uqs is not so impressive unless it is much smaller 
than the physical mass of the particle that was integrated out, and this is not generi- 
cally so. For example, in the scale-invariant case we have pb ~ \n\y^ Az/{2Aj') e~'^l'^ = 
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{2\n\gr/K)^^Az/{2AT) and m = m^^^^Aq/Ap e'^/^ = [Knii^r / {2g)\^^ Aq/ Ap, and so m ~ 
1/ Ph — 1/r and AC/eff — m!^ if all other scales are equal. 

However, just as for the case we discussed in the previous sections, the most interesting 
situation is where the brane field does not couple at all to the bulk scalar: at = = ap = 
ttq = 0. In this case if At ^ Aq ~ and Az ^ Ap ~ we have ph — \n\/M and m < M, 
and so even though T20 ^ and AT2 ~ are as large as would generically be expected, 
both U20 and AC/gfT can vanish, regardless of how large m and M are. 

From a geometrical point of view, this situation where the brane tension is independent 
of the bulk dilaton is often obtained when the brane is embedded in a supersymmetric bulk, 
since in this case supersymmetry tends to require that the scalar be constant everywhere in 
the bulk, and so naturally has a vanishing derivative at the position of any source brane. The 
brane in general breaks supersymmetry, but unless the bulk solution is drastically modified 
(for example by bulk loops that may change the classical extra-dimensional configuration) , the 
couplings Oj between brane and bulk fields are expected to be small. The previous discussion, 
then, ensures that Ucs is much smaller than the physical mass of the particle integrated out. 

We end our analysis with a discussion of how bulk loops can affect the previous arguments. 

Bulk loops 

But what about bulk loops? In particular, the above arguments explicitly use the classical 
bulk equations when integrating out the bulk KK modes to obtain Ues, and these can be 
expected to be corrected by bulk loops. 

When thinking about bulk loops it is useful to keep separate the integration over KK 
modes whose wavelength is of order the size, A ~ r, of the extra dimensions and those of much 
shorter wavelength. In particular, it is the long-wavelength modes whose contributions can 
act over the size of the bulk and so potentially modify in an important way the argument using 
the classical bulk equations to derive Ues- We do not calculate these here, but because these 
are the modes which dominantly contribute to the Casimir energy in the extra dimensions 



we expect from earlier explicit calculations [0, 24 1 to find that they generically contribute of 
order to the 4D vacuum energy. 

More dangerous are the contributions of the short- wavelength modes, with A <C r, since 
these can potentially contribute amounts of order 1/A^ or l/(A'^r^) to Ucs- However the 
effects of such short-wavelength modes can be captured in terms of local terms in the low- 



energy bulk effective action, and explicit calculations of the coefficients of these terms |25(] 
show that they are generically nonzero, but cancel once summed over the field content of a 
6D supermultiplet. 

But these explicit calculations do not apply to short-wavelength bulk loops if the corre- 
sponding quantum fluctuation occurs close to the branes, since in this case they can instead 
contribute to local effective interactions in the low-energy brane lagrangian [^6|, about whose 
general form less is known. However, the order of magnitude of such effects can be estimated 
using the calculations presented here, by making an educated guess as to the size of their 
contribution to the regularized action, S'reg, as we now show. 
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Our main assumption when so doing is that each bulk loop comes with a factor of e^"^, 
in addition to any factors of l/(27r) required by kinematics, if all indices are contracted using 
the metric Qmn = g-'^Smn- This loop counting follows from the fact, stated above, that this is 
the frame for which cj) enters undifferentiated into the classical bulk supergravity action only 
as a pre-factor: £b = e~'^'^T{dM(t>T gMN)-, and so e^*^ plays the same role as does h in counting 
loops. Notice that the scale-invariant choice for the regularized brane action when written in 
this frame becomes 



-2(j} 



-9 



(4.15) 



showing that the tree level contribution for the brane action arises with the same factor, e"^"^, 
as for the bulk action. 

We therefore expect an n-loop contribution to Ti and Zi in this frame to be proportional 
to e^^""^^*^, which leads to the following loop expansion in the 6D Einstein frame: 



Ti 



^Al + Ale^'t> + ..^ and ^ e+^'H AI + A\ e^'t> + ■ ■ ■ 



(4.16) 



Following the same steps as above then leads to the following estimate for the leading correc- 
tions to the codimension-2 tension coming from short-wavelength bulk loops: 



where and are (/>- independent constants. Consequently 



(4.17) 



(4.18) 



which again uses eq. ( [4. 8] ) to trade e"^ for 1/r. Being of order 1/r'^, is not systematically larger 
than the contribution of longer-wavelength bulk loops. 

Clearly the same estimates would argue that higher bulk loops are also not dangerous, 
because all such loops are suppressed by even more powers of the coupling e"^/^ ~ K/(2gr), 
that can be extremely small when r is large, such as is required for the SLED proposal 
for approaching the cosmological constant problem j^, ^ (for which 2g/K ~ 10 TeV while 
1/r ~ 10 meV). 



5. Conclusions 

In this paper we analyzed effective theories for codimension two branes, embedded in a higher 
dimensional space containing gravity and a scalar field. In order to consistently define a 
coupling between the brane and the bulk scalar, we represented the codimension two source 
in terms of a regularizing codimension one object, whose small size is determined by the 
dynamics of the system. This procedure allowed us to define the tension of the brane, called 
T2{4>), and the low energy effective scalar potential, indicated with U2{4'), relevant below the 
Kaluza-Klein scale. 
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We studied how the low energy scalar potential U2{(p) is sensitive to quantum corrections 
on the brane. In particular we discussed under which conditions threshold effects, associated 
with integrating out massive particles on the brane, are suppressed in respect to naive ex- 
pectations from dimensional analysis. Threshold effects are reduced when the brane tension 
T2{(j)) has little or no coupling to the bulk scalar. In this case, although the brane tension 
T2{4>) receives potentially large corrections (of the order of the mass of the particle that is 
integrated out), the size of the quantum corrected scalar potential U2{4>) that results is much 
smaller than T2{(j)). This is in agreement with the known situation of codimension two ob- 
jects in pure gravity theories (for example conical singularities), in which the brane tension is 
constant (but non vanishing) and at the same time the low energy brane potential is exactly 
zero allowing for flat on-brane geometries. Our approach, in terms of a low energy effective 
theory, allows us to go beyond the situation of pure gravity and quantitatively analyze how 
the coupling of the brane with bulk fields influences the low energy potential. 

As an illustration, we discussed how technical naturalness can be achieved in a supersym- 
metric example, in which the extra dimensional theory contains further degrees of freedom 
required by super symmetry. In our set-up we considered not only quantum corrections to 
the low energy action due to brane threshold effects. We also estimate quantum effects in 
the bulk, suggesting that their contributions to the low energy effective potential can be 
suppressed in respect to the brane ones. 

The methods developed in this paper rely on the equations of motion for bulk fields and 
on the brane junction conditions, and offer a clear and intuitive geometrical interpretation 
of the physics of how the bulk matches to codimension-2 branes, including loop corrections. 
They allow a consistent derivation of effective theories for higher codimension objects in a 
variety of cases, and the analysis of their sensitivity to quantum effects on the brane and in 
the bulk. We hope to further develop these topics in the future, in particular in connection 
with supergravity models in six dimensions. 
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A. The Explicit Quantum Calculation 

This appendix gives explicit details about the integrating out of the heavy field ip. Our starting 
point is eq. (3/7), which defines the quantum action, T{(j), g), in terms of the functional integral 



exp 



Vip exp 



(A.l) 
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This is most easily computed by first differentiating with respect to 4>, giving 



ST 



-ir 
1 
1 

2^ 



5S , 



iS 



P'{(P)mf)+mlQ'{ct>) 



(A.2) 



where = e~^^ f "Dip X {^) e^^ . The problem reduces to computing {P{dip)'^) and 

{mlQi/j'^), which can be obtained from the coincidence limit, x' — > x, of the propagator, 
G{x,x') = {ip{x)'ilj{x')) . Because the result generically diverges in the ultraviolet, we do so in 
d spacetime dimensions and take d = 4 — 2e at the end. 

The calculation is most easily done with the canonically normalized field, = P^^'^{(t>)'4^-, 
and so P^/^S^V = t^/^V'fl ~ \{P' / P)df_i4>'4'R = D^l'^R■ That is, specializing to constant 0, write 



k=~oo 



r,ip-(x—x') 



{2t:Y P^ + ql + 



(A.3) 



where qk = 2TTk/L with L = Inpb and = m?{(f)) is given by eq. (3.4). The coincidence 
limit of this expression may be written 



1 /"OO /" 



k=—oo ' 



(A.4) 



which uses the identity X^^ = ds e~^-^ and performs the Wick rotation to euclidean 
signature d'^p = id'^ps- 

In this form the integrations over and the sum over k may be performed explicitly, 
using the results 



d/2 



and 



(A.5) 



fc=— oo 



where 'd^^it) denotes the usual Jacobi theta- function. Using these gives the expression 



1 



ds 



{AttY/^L Jo 5^/2 



/ 47ris\ 



1 



47rL'^-i 



dt 

Jdj2 



-xt 



^3 (it) , 



where 



(A.6) 



(A.7) 



47r 47rP((/)) 

We may repeat this calculation for the derivatives of to compute {P{(l))dmijdnip) , by 
evaluating dmdnG{x, x') and taking the limit x' — > x. This amounts to inserting a factor of 
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ipm{—ipn) = PmPn into the integrand of the appropriate expression. The integral over p and 
the sum over k may again be performed, using 



d Pe PfiPu e~ 



TT\d/2 1 



2s 



1 d 



k=—oo 



k=—oo 



vr 



(A. 



Here the prime on -d^ denotes differentiation with respect to its argument r = it. With these 
expressions we have 



and 



1 



dt 



~ dt 







(A. 



(A.IO) 



The problem is reduced to the evaluation of the following two one-dimensional integrals: 

dt 



4(A) := 



and 



°° dt 



(A.ll) 
(A.12) 



whose properties are explored in some detail in Appendix |^. 
An important identity 

The properties of the integrals /q,(A) and Jq,(A) imply an important identity, 



{X) := ( P{(t>) dM^^d^'i^ + miQ{(t>) V'^ 



which holds in dimensional regularization. This result follows from eqs. 
( |A.10 ), written in the form 



(A.13) 

I), @) and 



(P(0) (9,^)2) 
which allow eq. ( |A.13 ) to be written 



A 



4/2 (A) 

/l^^/9(A) 



Id+i 
d 

JJ^^l+d/2 

-Jl+TJd/2W 



{X) 



A/d/2(A) + -/i+d/2(A)- Jd/2(A) 



(A.14) 



(A.15) 



This combination is shown to vanish identically in Appendix 
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The massless limit 

Finally, we evaluate the stress energy, (Tmn^ = {P{4>) dm'>pdntp'^, explicitly in the limit when 
nii, = 0. In this limit the stress energy is given by 

(^M-) = ;^^M- ^i^d {Tzz) = ^, (A.16) 

where Cd = ^ h+d/2{0) and = -Jd/2{0) = -f A+d/2(0)- Keeping in mind that /^(O) = 
when Re a > ^ (and so in particular when a = 1 + d/2), this gives (using the results of 
Appendix 

-Y = ^' = l 'W(O) = r (^^) (id + 1) , (A.17) 

which may be explicitly evaluated when d = 4 to give C4 = 3C(5)/(47r^) ~ 7.68. 



B. The functions Ia{z) and Ja{z) 

The previous appendix shows the utility of defining the following functions 

poo 

UX):= ^e-^'Mit), (B.l) 
Jo ^ 



and 



Ja{X):=i -e-^'^'^{it), (B.2) 

where, as before, the prime denotes differentiation with respect to r = it. This appendix 
collects many useful properties of these two functions. 

Ultraviolet divergent parts 



To understand the convergence of the integrals we require the following asymptotic forms |21] 
for t?3(^t), 



^3(it) = 1 + 2 e"''* H when t 00 

1 r 



and i93(it) = ^[l + 2e"''/* + --- when t ^ . (B.3) 



These imply that the integral defining /q(A) converges as t ^ 00 for any a when Re A > 0, 
and for Re a > 1 if Re A = 0. By contrast, the exponential falloff of the function 1^3 (it) for 
large t ensures the integral defining Ja(A) converges for large t for any a if Re A > — vr. On the 
other hand, convergence of /^(A) for t — > requires Rea < ^, while the small-t convergence 
of Ja(A) requires Rea < — |. 

Our eventual applications make us particularly interested in the cases where a = d/2 
or a = {d + 2)/2, where d is a positive integer (with d = 4 being particularly interesting). 
Although Re A > is sufficient to ensure the convergence of the integrals for all a as t ^ 00, 
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the above asymptotic forms show that /q,(A) in general diverges as t — > for all d of interest. 
This divergence represents the ultraviolet divergence of the physical quantities under study. 

It is useful to isolate this divergence by writing /„ = + l[ (and ditto for Jq,), where 
the 'infinite' parts are obtained by replacing i?3(it) — > 1/Vt and the 'finite' parts are obtained 
by replacing '&3{it) — > '&3{it) — Regularizing the divergent parts using dimensional 

regularization then gives 



C(A) 



dt 





and 







dt 

3" 

" 2 



-At 



-At 



A"-2 r 



a 



a 



(B.4) 



(B.5) 



where T{z) is Euler's generalized factorial function, satisfying zT{z) = T{z + 1) and T(k + 1) = 
k\ for k a nonnegative integer. Notice that if a = d/2 or a = {d + 2)/2, this expression has 
poles when d is positive and odd (and so when the total dimension of spacetime on the 
codimension-1 brane, d + 1, is even). As is often the case in dimensional regularization, the 
one-loop divergences happen to be finite when d is even and positive (so d + 1 is odd), and 
in particular for the cases of practical interest: a = d/2 = 2 — e or a = {d/2) + 1 = 3 — e. 
Once these are taken out the remaining integrals 



dt 



1 

Vt. 



(B.6) 



2t3/2 



At 

converge exponentially for small t. 
A useful identity 

A very useful property of these integrals follows by integrating by parts in the definition of 
Jq,(A), leading to 



Ja{X) = XlaW + aIa+i{X) if Rea<--, ReA>0. 



(B.7) 



Here the assumptions for Re a and Re A are required to ensure the vanishing of the surface 
term. Since this identity proves very useful in the main text, we now show that it applies even 
for a not in the above regions, provided that the divergences encountered are dimensionally 
regularized. Although we now demonstrate this in detail, the conclusion also follows from 
eq. ( |B.7l ) by analytic continuation in a potentially wider set of regularization schemes. 
We wish to show that the following quantity vanishes: 



1 



Ld+l 



d 
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Figure 3: A plot of the functions /2(A) (left) and /3(A) (right) vs A. 



To this end notice first that the potentially divergent parts cancel identically from this com- 
bination, since 



\ TOO • d TOO TOO \a!+l/2 



2 2/ V 2 2/ I2 2 



which vanishes by virtue of the identity zT{z) = T{z + 1), specialized to z = — ^ — | 
finite parts similarly cancel, since they may be written 



(B.9) 
, The 
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f 



d/2 ^ 2 l+'^/S d/2 



dt 



tl+'^/2 
°° , d 

dt 





Xt + 



Vt 
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dt 2t3/2 



dt 



(B.IO) 



which vanishes because the integrand vanishes exponentially quickly as both t — > and 
t 00. (If A = then the limit t — > 00 still vanishes like a power of 1/t provided d > 0.) 



The special case A = 



The case where la is evaluated at A = arises in the main text, and can be evaluated 
explicitly. In this case we have 



4^(0) 



dt 



dt t"-2 



Mit) - 1 



(B.ll) 
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where we change variables t ^ 1/t and use the identity 



(B.12) 



The remaining integral may be evaluated using the identity, 
where (^{s) is Riemann's zeta function, to give 

4^(o) = ^r(«-l)c(2a-i). 



(B.13) 



(B.14) 



The special case a = 2 

The full expression for /^(A) may also be obtained for the special value a = 2, which is of 
practical interest in the case d = 4. In this case we use the definition 



(B.15) 



k=—oo 



and the great convergence properties of the sums and integrals to reverse the order of sum- 
mation and integration, leading to 



Jo 



°° dt 



Mit) 



1 



-At 



oo 



Vt 
Mit) - 1 



-x/t 



oo „(- 



(B.16) 



n=l 



where Kiy{z) denotes the modified Bessel function of the second kind, K„{z) = Yi,y{z). In the 
case a = 2 this sum can be performed explicitly in terms of the Digamma function. 



n=l 



to give 



4i\) = ^ Li2 (e-^) + Lis (e-^y 



(B.17) 



(B.18) 
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Asymptotic forms 

To identify asymptotic forms for large and small A we write F{t) = t?3(ii) — in terms 

of which the finite integral becomes 

= X''-' -e-^F{u/\) 

f'OO 

« 2 A"- 5 / du u-'^- 5 e-"-'^^/" oc A"- ^ (ttA) 3 e'^^ when A > 1 

^0 



Jo 



du n-" e-" = A"-^r 



1-a 



when A ^ 1 . 



(B.19) 



This uses the asymptotic forms F{u/X) ~ 2e '^^1'^ yJXju when A ^ 1 and F{u/X) ~ 1 when 
A ^ 1. The large- A limit is evaluated using the saddle-point approximation, for which 



j dti/(n)e-'^(") oc 



-h{uc 



(B.20) 



where Uc is defined by the condition h'(uc) = 0. This is Uc = "v/ttA in the case of interest, for 
which h{u) = u + ttX/u. 

The other integral of interest is 

1 



2t3/2 



4(A). f I e- 
SO writing G(t) = i'&^iit) + {2t^/'^)''^ the integral becomes 

POO 

~ / du ^x-"-i e-"-'^^/" oc A°^+^ {TTXy^h-'^^ when A » 1 

^0 



(B.21) 



1 1 



du u 



3 1 1 



1 



when A ^ 1 , 



(B.22) 



which uses the asymptotic forms G{u/X) « — (A/u)^/^e ^^^^ when A 3> 1 and G{u/X) m 
i(A/u)3/2 when A < 1. 

Infrared singularities for small A 

The small-A limit involves some subtleties when a is in the regime of practical interest, 
a = I = 2 — e. Naively specializing the above asymptotic limits to this case gives 



/|(A)~Ar(-l + 6) = -- + 0(l), 



(B.23) 



which diverges as e — > 0. Because we know that converges absolutely for nonzero positive 
A by construction, this divergence in the small-A limit represents an infrared mass singularity 
for small m which invalidates an expansion in powers of A. 
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To isolate this singularity explicitly, it is worth multiply differentiating the integral ex- 
pression for lli^) with respect to A, to obtain 



d^4 

dA2 



dte 



-xt 



1 

7t. 



dne-"F(M/A) 



OO 

dn e""" = - when A < 1 
A 



(B.24) 



which when integrated implies W ~ A(ln A — 1) + AX + B when A <C 1, where A and B 
are integration constants. 

The constants A and B may be obtained by going back to the original integral defining 
/2 (A) and numerically integrating in the small-A limit. This leads to 



A 



which uses the representation 



In A = / dn 







/•°° dt 












Jo ~ 




A=0 



1 
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u + 1 u + X 



/■°° df 



-1.94. 



+ Xt) 



where t = 1/u. Similarly, 



C. Supergravity Equations of Motion 



C(3) 



0.38. 



vr 



(B.25) 
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(B.27) 



This appendix summarizes the equations of motion for the bosonic part of 6D chiral gauged 
supergravity, and uses these to trace how the arguments of the main text change when applied 
to this case. The action for the theory is given (in the 6D Einstein frame and for the case of 
vanishing hyperscalars — = 0) by p 



-9 



2k^ 



a 



1 



2g' 



1 



riMNP 



(C.l) 



2 • 3! 

where we specialize to a single gauge field, Fmn = QmA^^ — d^A,^! and Kalb-Ramond field, 
Gmmp = QmBi^p + d^BpM + dpB^N + (^p-Fmat terms), g and k are coupling constants that 
respectively have dimension (mass)~^ and (mass)~^. 
The field equations obtained from this action are: 



fa 



2o2 , 

^ e"^ = (dilaton) 



(2-Form) 



- 30 - 



Dm (e-'^ F"^) + e-^'f' G^'^^Fmp = (Maxwell) 



^2 

Rmn + d^cP + — e-2<^ G„pgG^^« + ^2g-<^ FmpF^^ + 2 (° 5A/iv = . (Einstein) 

(C.2) 

An important feature of these equations is their invariance under the replacement ||2^ 

e'^ Xe'^ and Qmn X'^guN , (C.3) 



with all other fields held fixed. Also notice that evaluating the action, eq. ( p.l| ) using the 
dilaton and Einstein equations of eqs. (p.2|), implies the action evaluates to 



SbcI = Sgh + ^ J d^xV^^^n^d , (C.4) 
where Sch denotes the Gibbons-Hawking term, as in the main text. 
Compactified solutions 

For static solutions compactified to two dimensions supported by Maxwell flux our interest 
is in field configurations of the form 

ds^ = e^^ r/^^ dx'^dx'' + dp^ + e^^d^^ ^^^j ^^m = ^^10^ (^,5) 

with component functions, W, B, (p and A, depending only on p. Denoting differentiation 
with respect to p by primes, the field equations reduce to the following set of coupled partial 
differential equations. The Maxwell equation is: 



A" + {AW -B' - (l)')A' = e^-^^+'t' i^e-^+^^-'t'A'j = , (C.6) 
The dilaton equation is: 



/' + {4W' + B')4>' + ^ e-2^-*(A')2 - ^ e<^ = , (C.7) 



2 K 

The (pu) Einstein equation is: 

^2 „2 



W" + W'{4 W + B')-— e-2^-*(^')' + ^6-^ = 0. (C.^ 

4 



The {pp) Einstein equation is: 

4 ^ ' ' H? 



4 W" + 5" + 4 {W'f + {B'f + {<\^f + + ^6-^ = 0. (C.9) 



The [QQ) Einstein equation is: 



B" + B'{AW' + B') + ^ e-2^-'^(A0' + 4 e<^ = . (C.IO) 
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Notice that the combination 4(;Ui/) + (96) — {pp) of the three Einstein equations can be 
rewritten as the constraint, 



l2{W'f + m'B' 



L'\2 



-4VK- 



0, 



(C.ll) 



which uses the solution to the Maxwell equation, A' = f g^-^^+'P ^ with / constant. This 
differs from the constraint obtained for the pure massless scalar-tensor theory of the main 
text only by the last two terms. 

Jump conditions 

Using the same choice for the regularized brane action as in the main text, eq. ( |2.1C1| ), implies 
the same junction conditions as were found there, eqs. (p^): 



and 



hm f e^+'^^a„ 



hm ( e^+'='^9pi? 



2-K ' p^oV 



2Tid 



(C.12) 
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2^ 



To 



d-l 



Uo 



with 



(C.13) 



T2 = - (^^^ g^^T^u and U2 = 27Tpb f'Tee , 

as before (using d = 4). 

The important new difference is that the quantity U2 that appears here is not related 
to the brane contribution to the very-low-energy effective potential by Ues = 3X^6^2, be- 
cause the bulk action satisfies eq. ( |C.4| ) instead of Sg = Sqh- As a consequence, classically 
integrating out the bulk KK modes in this case instead gives (with d = 4) 



eSW, Pb) 



or C/eflf 



27rpbY^ 
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1 dC 
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(C.14) 



and precisely the same for AC^s as a function of A/^reg and its derivatives. 
Constraint 

The constraint relating U2 and T2 is now derived by eliminating the derivatives W' , B' and 
using the jump conditions. A' can similarly be related to the corresponding brane current. 



(JSreg/i^^M) using its jump condition u&, 12]. However, since the last two terms of eq. (C.ll) 



are suppressed relative to the first three by positive powers of pb they may be neglected for 
small Pb, as can contributions of order p^R [|l2|. As a consequence U2 and T2 are related to 
one another by the same constraint, eq. ( 2.16| ), as was derived in the main text for massless 
scalar-tensor gravity: 

'd-V 



U2 



— -2T2 



d 



U2 



0. 



(C.15) 
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This implies that Pb{(f>) is to good approximation obtained by the same condition, U2 — 0, 
after which eq. ( |Cl4D gives U^s{^) with U2{^) = ?72(0, P6 (</>)) and T2{(p) = T2{(t>, Pb{(k)) 
related by eq. ( |C.15| ). 
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